We show that measurement of specially constructed observable on four copies of an unknown two-qubit state unambiguously can decide whether the state is entangled or not. In other words, we prove the existence of an universal collective entanglement witness that detects all two-qubit entanglement. We achieve this by providing sharp separability test which does not require solving eigenvalue problem. Namely, a two-qubit state is separable if and only if the determinant of its partial transposition is nonnegative. Elementary quantum computing device directly detecting the two-qubit entanglement is designed. Generalizations to higher dimensional systems and multipartite cases, including especially reduction criterion, are provided and discussed. The idea of direct measurement of pure states entanglement [10, 11] led to application of collective measurements [11] . Indeed, since the seminal paper of Peres and Wootters was published [12] , it it known very well that collective measurement on several copies of a system in a given quantum state may provide better results than measurements performed on each copy separately. To some extent that was the property that allowed to detect entanglement via nonlinear entanglement criteria based on collective measurements rather than uncertainty relations in case of pure [11] and mixed [13, 14, 15, 16] states. The mixed states scheme bases on positive maps separability criteria [4] and collective measurement evaluation of nonlinear state functions [17, 18] (see also [19, 20] ) was applied experimentally very recently [21] . The method takes an especially striking form in the two-qubit case, when not only unambiguous entanglement detection [13] but also estimation of such complicated entanglement measure as entanglement of formation [22] and concurrence [23] can be achieved by measuring only a small number of collective observables, much smaller than that required by the state estimation [14] . The methods were further significantly improved upon the noiseless case [15, 16] . Elements of this approach have been also developed on the ground of continuous variables [24, 25, 26] . The concept of collective measurement discussed above led further to the direct detection of elements of a state algebra [27] and arbitrary polynomial of quantum state by at most two collective observables [28] .
Introduction .-Quantum entanglement [1, 2, 3] is naturally characterized in terms of infinite set of linear conditions with help of entanglement witnesses [4, 5] theory of which has been developed [6] together with the corresponding experimental applications [7] . On the other hand nonlinear methods of detecting entanglement were usually based on uncertainty relations developed on the ground of both continuous [8] and discrete [9] variables.
The idea of direct measurement of pure states entanglement [10, 11] led to application of collective measurements [11] . Indeed, since the seminal paper of Peres and Wootters was published [12] , it it known very well that collective measurement on several copies of a system in a given quantum state may provide better results than measurements performed on each copy separately. To some extent that was the property that allowed to detect entanglement via nonlinear entanglement criteria based on collective measurements rather than uncertainty relations in case of pure [11] and mixed [13, 14, 15, 16] states. The mixed states scheme bases on positive maps separability criteria [4] and collective measurement evaluation of nonlinear state functions [17, 18] (see also [19, 20] ) was applied experimentally very recently [21] . The method takes an especially striking form in the two-qubit case, when not only unambiguous entanglement detection [13] but also estimation of such complicated entanglement measure as entanglement of formation [22] and concurrence [23] can be achieved by measuring only a small number of collective observables, much smaller than that required by the state estimation [14] . The methods were further significantly improved upon the noiseless case [15, 16] . Elements of this approach have been also developed on the ground of continuous variables [24, 25, 26] . The concept of collective measurement discussed above led further to the direct detection of elements of a state algebra [27] and arbitrary polynomial of quantum state by at most two collective observables [28] .
It is remarkable that even the two-qubit entanglement detection methods mentioned above required estimation of at least three (in case of checking partial transpose test) or four (in detecting entanglement of formation and concurrence) separate parameters which had to be subject to further nonlinear postprocessing based on solving nonlinear equations. It seemed rather unlikely to diminish that number of parameters.
On the other hand, all these approaches have been motivated by nonlinear entanglement tests related to entropic inequalities introduced long time ago [29] further developed [30, 31] and measured by nonlinear state function very recently [21] . Entropic inequalities also motivated the notion of collective (or multicopy) entanglement witness [19] which we shall exploit subsequently. This is a collective observable defined as follows:
Definition.-Consider the product Hilbert space H AB = H A ⊗ H B ∼ C dA ⊗ C dB associated with bipartite system. The observable W (n) on H ⊗n is called n-copy (or collective) entanglement witness iff for any separable state ̺ AB on H AB has nonnegative mean value, i.e.,
but there exists some (entangled) state ̺ ent for which W (n) ̺ent is negative. The above definition generalizes the original notion of entanglement witnesses [4, 5] and can be immediately generalized to multipartite case. It allows to detect some of entropic inequalities [29] with help of single observable [19] , though any single inequality is too weak to detect all entanglement. Note that example of the above 2-copy entanglement witnesses detecting entanglement of some Gaussian states via second order interference was explicitly constructed in [25] .
In this paper we show that, somewhat surprisingly, there exists a single four-copy entanglement witness which is universal, i.e., detects all two-qubit entanglement. We achieve this by providing two-qubit separability characterization (equivalent to the PPT one [4, 33] ) that does not require solving the eigenvalue problem or checking Sylvester criterion (see e.g. [32] ) but involves only a calculation of a single determinant: a two-qubit state is separable if and only if the determinant of its partial transpose is nonnegative. Thus the present test refers just to simple arithmetics, and as such can be useful tool in quantum information theory in general.
Further we discuss how the result allows for building a small quantum device that solves a kind of elementary algorithm deciding unknown two-qubit entanglement with no additional postprocessing. We also discuss higher dimensional and multiparty generalizations and pose general open questions. In particular, we find that reduction criterion on composite systems of qubit and qunit (generalization of qubit to N -level systems), i.e., 2 ⊗ N systems (with the map applied to the second system) is also equivalent to single determinant condition and as such can be checked via measurement of single observable.
Necessary and sufficient condition for two-qubit separability in terms of a determinant.-Before we construct the observable we provide novel two-qubit entanglement characterization. The key feature of the new separability criterion, which is equivalent to PPT test here [4, 33] , is that it relies on calculation of single determinant rather than referring to eigenvalue problem. We state this result as the following:
Theorem.-Two-qubit quantum state ̺ AB is separable if and only if the determinant of its partial transposition is nonnegative, i.e.,
Possible generalizations of the above observation will be discussed subsequently.
Proof.-The necessity of the above condition is obvious since if the state is separable then all eigenvalues of ̺ Γ AB are nonnegative [33] . The converse is more involved and we prove it by showing that if a given two-qubit state is entangled, the determinant of its partial transposition must be negative. In order to demonstrate it let us assume that ̺ AB is entangled. Then its partial transposition ̺ Γ AB has at least one negative eigenvalue [4] . The key property that suggests that the present theorem may be true is that the partial transposition of an entangled two-qubit ̺ AB must have exactly one negative eigenvalue [34] . However, it is not clear whether some other eigenvalue can be zero at the same time which would imply vanishing of the determinant for some entangled states. To prove this can never happen let us observe that det
where the latter corresponds to the reduction criterion [35] an identity operator acting on one-qudit space C d , σ y is the second Pauli matrix, i.e., σ y = −i|0 1| + i|1 0|, and I denotes the identity map. Now we may assume that the two-qubit state ̺ AB has at least one nonsingular reduced density matrix, say ̺ A = Tr B (̺ AB ) (otherwise it would be a pure product state). Applying local filter
1/2 and utilizing previous observation, one obtains det It is interesting to ask whether the modulus of the above determinant is an entanglement monotone in cases when it detects entanglement. As a matter of fact one easily sees that it is not the case. In order to show it let us take any entangled ̺ AB and consider a positive eigenvalues subspace of the operator ̺ Γ AB . Take any separable state ̺ sep AB defined on that subspace. Then mixing (which is LOCC) p̺ AB + (1 − p)̺ sep AB can increase the modulus which can be verified on the entangled Werner states.
The universal collective entanglement witness.-Now it is natural to pose the question: Is it possible to measure a determinant of ̺ Γ AB by a measurement of a single observable on few copies of ̺ AB ? In other words we ask if one may decide if the two-qubit state ̺ AB is entangled or not given a mean value of a single observable. Brun [28] showed that any m-th degree polynomial of the elements of ̺ AB (in particular its determinant) may be found by determining an expectation value of two observables on m copies of state corresponding to real and imaginary part of the value of the polynomial respectively. Note that in any case when we know a priori that polynomial has real value measurement of only single observable is needed (cf. [19] ). Actually we deal with such a polynomial here since the determinant in (2) is obviously real for any ̺ AB . Since it is a polynomial of degree four the necessary number of copies remains four. This gives the positive answer to question posed above, i.e., there exist such an observable W (4) univ , which mean value on four copies of two-qubit state reproduces that
To find the explicit form of W
univ we first introduce the following polynomials
which for x = λ, a vector consisting of eigenvalues of a given matrix, are just the k-th moments of this matrix. We know that for each k, Π k ( λ) is just a mean value of
. . , m), with |Φ i ∈ H AB . Now the crucial step is to connect determinant of a matrix with its easily measurable moments. Newton-Girard formulas [36] provide us with (taking into account normalization condition of a density matrix)
Before we proceed we note that V (k) permute pairs of particles and therefore may be written as
, where the latter are still permutation operators but acting only on particles indexed by A (or B) in ̺ ⊗k AB . Now the construction of an observable is straightforward. Using the approach from [16] we arrive at the observable
which mean value in 4 copies of state reproduces determinant of its partial transposition What is a possible freedom here? One notices that any permutations between subsystems H AiBi will not change the mean value of the observable. Also we have an interesting property:
Observation .-The universal entanglement witness W (4) univ is invariant under the specific twirling
† where U A , U B act on Alice (Bob) systems A i (B i ). As such it is invariant under any unitary operation of the type U
Proof .-The proof goes along the same lines as derivation of U ⊗3 invariant states [37] . The above high symmetry of the universal witness is in full agreement with the mean value (determinant) it provides since the latter can be easily seen to be invariant under any product unitary transformation performed on single copy of ̺.
Detecting two-qubit entanglement with help of universal entanglement witness .-Given an entanglement witness we can measure its mean value on four copies, however the result will provide a lot of not important information (frequence probabilities corresponding to all eigenvalues of the observable). The problem how to avoid huge amount of all this unnecessary data has been first solved in [17] with d-level observable programmed into the 2d-level ancilla. Further alternative approach have been provided with much more elegant programming part which does not require spectral decomposition of the observable [38] . The question whether it is possible to avoid large dimensional ancillas in the above schemes has been fist discussed in [39] where it was shown that via unitary interaction with a single qubit and final measurement of σ z on the ancilla qubit one can reconstruct mean value of an arbitrary observable with bounded spectrum. Further, alternative, elegant approach was provided in [28] where the unitary operation was just a special controlled operation. In both cases spectral decomposition of the observable is needed. The resulting mean value of the Pauli matrix in first case must be transformed by affine transformation while in the second only requires suitable rescaling. Note that the above single qubit universality in a mean value estimation is compatible with the further proof that single qubits are in a sense universal quantum interfaces [40] .
As one can see we have plenty of methods to detect entanglement with only single measurement on an ancilla gubit. Present case version of a programable machine is especially interesting because it can be very easily prepared with help of controlled swap operations since any permutation operation is a sequence of swaps. The scheme of a proper network is presented on Fig.1 .
Generalizing the criterion.-Let us now discuss the above approach in context of entanglement of an arbitrary bipartite state ̺ AB acting on
) be a positive, but not completely positive map, and at the same time in virtue of Ref. [4] , Λ constitute a necessary separability condition for states acting on Hilbert space H A ⊗H B . One sees immediately that the necessary condition for separability may be rewritten in terms of a determinant:
Fact.-If separability condition corresponding to the map Λ is satisfied on state ̺ AB , i.e., if
and Λ ≡ Λ r (reduction criterion) the converse is also true, namely positivity of the determinant implies that the criterion is satisfied.
Proof: As the first statement of this fact is rather obvious, the second is a little bit less. Firstly, let us assume that ̺ A = Tr B (̺ AB ) is not singular. Applying reduction criterion and local filter V A = (̺ −1
, which means that all eigenvalues of ̺ ′ AB are not grater than one-half. This
1/2 completes the proof.
In general, i.e., in case of d A , d B > 2 the second statement of the fact fails. Consider entangled two-qubit state embedded in 3 ⊗ 3 space, then partial transposition of density matrix constructed in this manner has negative eigenvalue but the corresponding determinant is zero.
Along the same lines as before one constructs the witness measuring the determinant from the Fact above. Again using Newton-Girard formulas one constructs an operator W (n) acting on H ⊗n AB with n = d A d B such that for any density matrix ̺ AB acting on H AB one has Tr
Using the scheme presented in Ref. [16] from W (n) we obtain an observableW
. This idea generalizes immediately to multiparty case where maps positive on product states are involved [41] .
Discussion and conclusions.-In the present paper we have provided somewhat surprising two-qubit entanglement test that is necessary and sufficient, i.e., equivalent to PPT test [4, 33] but unlike the latter does not refer to eigenvalue problem. Namely, calculating single determinant of positive partial transposed two-qubit state is sufficient to unambiguously decide separability of it. The criterion allows to construct single collective observable (collective entanglement witness) measurement of which on four copies of an unknown two-qubit state allows to unambiguously detect entanglement of the latter. This is the first time when entanglement of any physical system in unknown state has been shown to be adjudicated by measurement of single observable. The corresponding quantum network designed here can be interpreted as quantum computation solving binary decision problem with quantum data structure (see [13] ) that is ,,fully quantum" in the sense that is does not require any classical postprocessing. The idea of the present method (measuring determinant of the matrix [I ⊗ Λ](̺)) easily generalizes to higher dimensional and multipartite cases but lacks its sufficient character. Nevertheless it rises a very natural question: is there any other way to generalize the main result, i.e., find single collective observable that decides entanglement of any d ⊗ d quantum system. Naturally one would first need some counterpart of the analytical criterion (2) existence of which is a long-standing open problem in quantum information theory.
